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Abstract 

Recently a class of static spherical black hole solutions with scalar hair 
was found in four and five dimensional gauged supergravity with modified, but 
AdS invariant boundary conditions. These black holes are fully specified by 
a single conserved charge, namely their mass, which acquires a contribution 
from the scalar field. Here we report on a more detailed study of some of 
the properties of these solutions. A thermodynamic analysis shows that in the 
canonical ensemble the standard Schwarzschild-AdS black hole is stable against 
decay into a hairy black hole. We also study the stability of the hairy black 
holes and find there always exists an unstable radial fluctuation, in both four 
and five dimensions. We argue, however, that Schwarzschild-AdS is probably 
not the endstate of evolution under this instability. 
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1 Introduction 



The original no hair theorem of Bekenstein |I| proves there are no asymptotically flat 
black hole solutions with scalar hair for minimally coupled scalar fields with convex 
potentials. This was generalized to minimally coupled scalars with arbitrary positive 
potentials in 2j. But the no scalar hair theorem does not hold, in general, if the scalar 
field asymptotically tends to a local extremum of the potential [3] . In asymptotically 
flat space, this obviously requires potentials with negative regions. While potentials 
of this type arise generically as effective four dimensional potentials in Calabi-Yau 
compactifications jl], the observation of |3] also leads to asymptotically anti-de Sitter 
(AdS) space as a natural context to study hairy black holes. 

Static, spherically symmetric asymptotically AdS black holes with scalar hair were 
found (for minimal coupling) analytically in three dimensions 0, and numerically in 
four [HI 13 El and five [S] dimensions. In four dimensions, a class of hairy black holes 
that are asymptotically locally AdS was found in j^j. In most of these examples 
the scalar field asymptotically goes to a negative maximum of the potential, but 
the scalar field mass is generally taken to satisfy the Breitenlohner-Freedman (BF) 
bound fO] • For certain boundary conditions, this ensures that the AdS solution itself 
is nonlinearly stable provided the potential is of the form V = (D — 2)W 12 — {D — 1)W 2 
in D dimensions ^T] . However, the asymptotic conditions obeyed by all known hairy 
black hole solutions do not belong to this class. Although they preserve AdS invariance 
[HI [El HZ] they render the AdS vacuum nonlinearly unstable |T3j . 

Nevertheless, the hairy black holes found in [8j are solutions of a consistent trun- 
cation of M = 8 gauged supergravity in four and five dimensions. These theories are 
thought to arise as the low energy limit of M/string theory with boundary conditions 
AdS 4 x S 7 and AdS§ x S 5 . For those boundary conditions we have the celebrated 
AdS / CFT correspondence , which provides a non-perturbative definition of string 
theory on asymptotically AdS spacetimes in terms of a conformal field theory (CFT). 
In four dimensions, the hairy black holes obey unusual, but AdS invariant asymp- 
totic conditions, which deform the usual dual 2+1 CFT on a stack of M2 branes by 
a triple trace operator [HJ • The hairy black holes are described by approximately 
thermal states in this deformed dual field theory. AdS/CFT relates the thermody- 
namics of AdS black holes to the thermodynamics of the dual CFT ^B], providing 
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a novel way to study phase transitions in field theories. Vice versa, one can hope to 
use the AdS/CFT correspondence to better understand the microscopic description 
of the hairy black holes. In particular, it is an interesting question how string theory 
distinguishes between a hairy black hole and Schwarzschild-AdS of the same mass, 
which is a solution too for the same boundary conditions. 

With these general motivations in mind, we now turn to a more detailed study of 
the hairy black holes found in jHj. 

2 Hairy black holes in D = 4 Supergravity 

We consider four dimensional gravity minimally coupled to a scalar field with action 
S = Jd A xy^j ]-R- i(V0) 2 + 2 + cosh( v / 20) , (2.1) 

where we have set 8nG = 1. This is a consistent truncation of Af = 8 gauged 
supergravity in four dimensions which is the low energy limit of string theory 
with AdS^ x S 7 boundary conditions. The potential has a global negative maximum 
at = 0, where the scalar has mass (note that Z 2 ds = 1) 

m 2 = -2. (2.2) 

This is slightly above the Breitenlohner-Freedman bound 



m% F = {D A l) \ (2-3) 

in D = 4 dimensions, which ensures the perturbative stability of the AdS solution. 
Here we are interested in nonlinear perturbations of AdS. In particular we will consider 
the class of asymptotically anti-de Sitter solutions specified by the following set of 
asymptotic conditions 

, , a(t,x a ) ca 2 (t,x a ) . A . 

0(r, t, x a ) = + ; 2 ' (2.4) 

1 (l + a 2 /2) M (t,x a ) 2 1 

9rr = -~ T L - L + — 5 ' 9tt = -r 2 - 1 + 0(1 r) 

g tr = 0(l/r 2 ) g ab = g ab + 0(l/r) 

g ra = 0(l/r 2 ) g ta = 0(l/r) (2.5) 
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where x a = 6, 0, and c is an arbitrary constant that labels a one-parameter class of 
different boundary conditions. For all values of c this set of asymptotic conditions 
on the fields preserves the full AdS symmetry group |8], despite the fact that the 
asymptotic behavior of certain metric components is generally relaxed, compared to 
the standard set of AdS invariant boundary conditions JB]- The conserved charges 
that generate the AdS symmetries are well-defined and finite for all c, but acquire a 
contribution from the scalar field. 

Spherically symmetric solutions can be written as 

ds 2 = -fe~ 2S dt 2 + f~ l dr 2 + r 2 dQ 2 , (2.6) 

where f(t,r) and 5(t,r). The field equations reduce to 

(l-f)-rf' = r 2 



(2.7) 



/ = (2.8) 
26' = -r[f- 2 e 2S <p 2 + (P' 2 }, (2.9) 



1 , o xdV 

~~2 



- (e^-V) + -(rV 5 /0')' = e~ 5 —, (2.10) 



where <fi = d t 4> and 0' = d r 4>. 

In jH] it was shown that the theory (|2.1|) with boundary conditions (|2.4|) - (J2.5|) 
and admits a one-parameter class of regular static, spherically symmetric black 
hole solutions with scalar hair outside the horizon. We summarize the results of jH] 
in Figure 1, where we plot the value <ft e of the field at the horizon as a function 
of horizon size R e , for two different choices of AdS invariant boundary conditions, 
namely c = — 1 (bottom) and c = —1/4 (top). The hairy black hole solutions are 
specified by a single conserved charge, their mass, which is given by 

E h = Ati ( M + ^ca 3 ), (2.11) 
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where the second term is a finite scalar contribution. The mass was computed in 
[Hj, where it was shown that Eh ~ R 3 , for large R e . For a given horizon size R e one 
has Eh > E s = 47r(i? e + R 3 ). For large R e it was found (see Figure 10 in 0) that 
Eh — > E s , which means Eh = AnRKl + 0(1/R e )) in this regime. On the other hand, 
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since Schwarzschild-AdS is a solution too for all c, one has two very different black 
hole solutions for a given mass. The hairy black holes thus provide an example of 
black hole non-uniqueness. 

i. 5 n 



1.25 
1 

0.75 
0.5 
0.25 



* 
★ 



****** 



» ♦ ♦ ♦ — ♦ — ♦ — ♦ — ♦ — ♦ 



8 



10 



Figure 1: The scalar field e at the horizon as a function of horizon size R e in hairy 
black hole solutions of D = 4 gauged supergravity. The two curves correspond to 
solutions with two different AdS invariant boundary conditions, labelled by c = — 1 
(bottom) and c = —1/4 (top). 



3 Stability 

We now consider linear radial fluctuations around the hairy black hole background. 
Substituting 

0(r,t) = Mr) + M^e^V, 
f(r,t) = /oM + AMe^, 

5(r,t) = 5 (r) + 5 1 (r)e iMt r), (3.1) 

in the field equations (where (/o( r )? ^o( r ) 5 0o( r )) are the background quantities) and 
expanding in i] yields, to first order, the following perturbation equation for the scalar 
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field, 



e 25 ° d 2 ^ 2f , 



fo d r 



*2 



0i = V^(0 o )0i, 

(3.2) 

where dr* /dr = e s °/ fa. Eliminating 0q using eq. (|2.1()jl and defining \ = r 0i? one 
obtains 



dr 



*2 



(3.3) 



with 



-2<5 



~(0'o 2 + r 2 <P' 4 )f + (~ - r0' o 2 ) + 2r0' o V^(0 o ) + V^(0 O )) • (3-4) 



A hairy black hole is unstable if there exists a solution to (|3.3j) with u 2 < 0, since 
small fluctuations of this kind grow exponentially in time. 

One immediately sees that at the horizon the potential P vanishes. Near spacelike 
infinity on the other hand one has, for general m 2 , 



P ^ (m 2 - m 2 )e" 25o r 2 , 



(3.5) 



where m 2 = —D(D — 2)/4 is the conformal mass. Thus P is unbounded from below 



for scalars with mass m 2 < 



The fact that the conformal mass separates two 



qualitatively different regimes is true in any dimension. For m 2 = m 2 , which is the 
case of interest to us, the subleading terms are important at large r, giving 



P 



-a 



-2S 



(3.6) 



Therefore, P tends to a negative constant in our case, for all choices of boundary 
conditions. In Figure 2 we show the potential for perturbations around a hairy black 
hole of size R e = 2, in two different theories, specified by c = — 1 and c = —1/4. 

The fact that P is asymptotically negative means there exist exponentially growing 
fluctuations, potentially causing the hairy black holes to be unstable. It only remains 
to verify there exists an unstable mode that obeys the modified boundary conditions 
with the same value of c as the black hole background. Near the horizon we have 
r* — » — 00 and P — > 0, so the general near horizon solution of ()3.3j) is given by 



X 



ae 



+ be' 



(3.7) 
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Figure 2: Potential for linearized radial fluctuations around a hairy black hole with 
radius R e = 2, for c = —1/4 (left) and c = — 1 (right) boundary conditions. 



where u = —ia. Regularity at the horizon requires 6 = 0, since future unstable modes 
have a > 0. This translates into the following boundary condition in terms of the 
original r coordinate. From (|2.7|) and ()2.10|) it follows 

1 - RlVMRj) 



K = f, 



r\R e 



R, 



Since / ~ k(t — R e ) near the horizon, this gives 



, e d ° ln(r - R e 
r ~ — m(r — R e ) = 

K K 



where we have set So(R e ) = 0. Hence f)3.7|) becomes 

X = a(r - R e )-, 

giving, at e = (r - R e ), 



(3.8) 



(3.9) 



(3.10) 



(3.11) 

Finally, to satisfy (|2.4|) with the same value of c as the background, we must 
require that near spacelike infinity the fluctuations behave as 



X (OL X , 2ca ai 



(3-12) 

Here ao is the coefficient of the 1/r mode of the background solution, <fto, and a.\ 
is an arbitrary constant. Now, for large r, equation ()3.3j) for the fluctuations is 
approximately 



dr 



*2 



(w -p)x = w X- 



(3.13) 
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Figure 3: The value of the negative frequency, u 2 , of the unstable radial perturbation 
as a function of horizon size R e , in D = 4 supergravity with two different AdS 
invariant boundary conditions, namely c = — 1 (bottom) and c = —1/4 (top). 

In the frequency regime of interest, p < oj 2 < 0, this yields 

x = A co^r- + 7) - Aco B (-Q/r + to + 7) ~ A (co S (to + 7) + £ sin(te + 7)) , 

(3.14) 

where we used r* ~ — 1/r + k with a constant. Therefore, the constraint (jr>.12j) 
translates into the following condition on the frequency uj, 

tan(fctu + 7) = (3.15) 

For given oj 2 , the boundary conditions at the horizon uniquely determine the 
solution for the rescaled fluctuation x{ r )- But we find that for all horizon sizes R e , 
there is precisely one negative frequency, oj 2 , for which the asymptotic condition (|3.15j) 
is satisfied too. Our results are shown in Figure 3, where we plot the value of this 
frequency, oj 2 , as a function of the black hole radius R e , in two different theories. For 
large R e , we find oj 2 oc R 2 , which is natural since p oc a 2 oc R 2 (the last step follows 
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from the results in jSj). Hence we conclude that the hairy black holes found in [H] are 
unstable to linearized radial fluctuations exponentially growing in time. 



4 Thermodynamics 

The canonical ensemble is defined by a Euclidean path integral over matter fields 
and metrics which tend asymptotically respectively to zero and AdS space, identified 
periodically in r = it with period (3. The inverse of the period (3 corresponds to the 
temperature T. The path integral is usually approximated by summing over saddle- 
points. Periodically identified AdS space is one of these and we take it to be the zero of 
action and energy. This gives the dominant contribution at low temperature, but it is 
well known 19J that at sufficiently high temperature a large Euclidean Schwarzschild- 
AdS black hole solution has lower action. In this regime the pure radiation will then 
tend to tunnel to the black hole configuration at a rate determined by the difference 
of the actions of both geometries. 

Here we consider a canonical ensemble described by a path integral with boundary 
conditions given by ()2.4j) and (|2.5jl for some c. The Euclidean continuation of the 
hairy black hole solution gives an extra saddle-point contribution. This raises the 
question whether there is a temperature regime where Schwarzschild-AdS is likely to 
'decay' into a hairy black hole, hereby spontaneously acquiring a nontrivial scalar 
field profile outside its horizon. 

To study this issue it is sufficient to consider the minisuperspace consisting of 
static, spherically symmetric Euclidean metrics, 



where 0<t</3,r>R e and the scalar field <f>(r). The reduced Hamiltonian action 



ds 2 = e~ 26{r) f{r)dr 2 + f~\r)dr 2 + rW, 



(4.1) 



reads, 



NH + B 




(i-f) + ^fr + V(4>) dr + B, (4.2) 



where 




(4.3) 
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The variation of the boundary term is determined by the condition that the action 
is an extremum under the variation of the fields considered here fHl EDJ- The last 
term in (|4.3J1 comes from the scalar field variation. The geometries in the variation 
are smooth and complete if and only if the period (3 satisfies 

pe- S{Re) f\R e ) = 4tt. (4.4) 

We first consider the contribution from the Euclidean continuation of the hairy black 
hole solution ([2.6)1 . For this, (|4.4jl gives the temperature as a function of horizon size 
R 

2 „ T= 2 1= i-vwa.))m (4 . 5) 

13 2R, 1 ' 

One sees that, like Schwarzschild-AdS, the hairy black hole only contributes to the 



thermodynamic ensemble at high temperatures, 2nT > J — V(<j)(R e )). For a given 
(sufficiently high) temperature, there are two possible hairy black hole masses that 
can be in equilibrium with thermal radiation. The lower of these has negative specific 
heat so it is unstable to decay into pure thermal radiation. The higher mass black hole, 
by contrast, has always positive specific heat (and smaller action) so we concentrate 
on this. 

For the asymptotic conditions on the fields defined in Section 2, both the gravita- 
tional and scalar sector give divergent contributions to the variation of the boundary 
term (|4.3J) at infinity. However, it was shown in |H| (and in a Euclidean setting in 
[HIE]) that the divergences cancel out, yielding a finite total surface term at infinity, 

£|oo = PE h . (4.6) 

At the horizon we have 

5B\^=An(3e- s ^R e 5f\ Re . (4.7) 

Using 

SfU = -f(R e )SR e (4.8) 

this gives, upon integration, 

B\ Re = -An J ((3e- s{Re) f(R e ))R e 5R e = -16tt 2 J R e 5R e = -8n 2 Rl (4.9) 
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where 6R is the variation along the horizon. Combining ()4.6|) and ()4.9|) and taking 
into account the Hamiltonian constraint Ti, = 0, one obtains 

h = f3E h - 87t 2 R 2 h = (3(E h - ST) = (3F, (4.10) 

where S = ttR^/G and F are the entropy and free energy, respectively. 

On the other hand, for the Euclidean Schwarzschild AdS black hole we have 

6 = 0, / = i_-^ + r 2 , R = r . (4.11) 

The temperature is related to the horizon radius R s in the following way, 

2vrT = 1±M. (4.12) 
2R S y } 

Therefore, the radius of the Schwarzschild-AdS black hole in the canonical ensemble 

is smaller compared to the horizon size of the hairy black hole. The Euclidean action 

is given by 

I s = M(3(R S + R 3 S ) - 2ttR 2 s ). (4.13) 

Using the results of [H] we have numerically computed the difference between the 
Euclidean actions (j4~TUj) and (|4~T3Jl . 

A/ = I h - I s , (4.14) 

as a function of temperature 3 and in two different theories. The result is shown in 
Figure 4. One sees that the action of the hairy black hole is always larger than that 
of Schwarzschild-AdS. This means the latter is thermodynamically stable, despite 
the fact there is no Positive Mass theorem for the set of asymptotic conditions we 
considered here. 

We note that our results differ from those obtained in Pj, where a thermody- 
namical analysis was performed in which the action of asymptotically locally AdS 
hairy black holes was compared with the action of vacuum black holes with the same 
asymptotic structure. The important point is that with locally AdS boundary con- 
ditions, there is no critical temperature below which black holes don't contribute to 
the thermodynamic ensemble. In this context, [Oj finds indeed that for sufficiently 
low temperatures, the vacuum black hole is likely to decay into a hairy solution. 

3 The curve in the c = —1/4 theory starts at higher temperature because the hairy black hole 
solution does not contribute to the thermodynamic ensemble at temperatures below T = y/\V(R e )\. 
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Figure 4: The difference AI between the Euclidean action of a hairy black hole, Ih, 
and that of Schwarzschild-AdS, 7 S , as a function of temperature T. The two curves 
correspond to hairy black hole solutions of D = 4 gauged supergravity with two differ- 
ent AdS invariant boundary conditions, specified by c = — 1 (bottom) and c = —1/4 
(top). One sees that in both cases Schwarzschild-AdS is always thermodynamically 
favored. 

5 Hairy Black Holes in D = 5 Supergravity 

Finally, we briefly consider five dimensional gravity minimally coupled to a scalar 
field with action 



This is a consistent truncation of M = 8 gauged supergravity in five dimensions, which 
is the low energy limit of string theory with AdS§ x S 5 boundary conditions. At the 
global negative maximum of the potential at = 0, the scalar has mass m 2 = —4 
and thus saturates the Breitenlohner-Freedman bound in five dimensions. 

In jH] a class of static, spherically symmetric black holes was found with a non- 
trivial scalar field profile outside the horizon. Asymptotically, the scalar field behaves 




(5.1) 
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as 

*(r) = ^lnr + ^( C -ilBao) (5.2) 
where c is a constant that labels the choice of boundary conditions and cto depends 
on the horizon size. The backreaction of the scalar field causes the g rr component 
of the metric to fall off slower than usual, but the asymptotic conditions are left 
invariant under the full AdS symmetry group. The conserved charges generating the 
symmetries are finite, but acquire a contribution from the scalar field [BJ IT2*] . In 
particular, the mass of the hairy black holes is given by 

E h = 2tt 2 (J Mo + ^a 2 (lna ) 2 + a 2 Q - c) lna + a 2 , (c 2 - i c + (5.3) 

where Mq is now the 0(r~ 6 ) correction to g rr . It is interesting to verify the stability of 
these hairy black holes, especially since D = 5, M = 8 supergravity plays a prominent 
role in the AdS/CFT correspondence. Substituting the following expansions 

0(r,t) = o ( r ) + ^e^, 
M(r,t) = M Q (r) + M 1 (r)e iuit ri, 
6(r,t) = 5 (r) + Sxi^e^rj (5.4) 

in the field equations one obtains, to first order in r], an equation for the fluctuations 
of the form (|3.3|) . with 

2So . f. ( 3 5<^ 2 2r 2 ,, A \ „, / 3 2r 4r 



/o - ^ - + /o (I - f 0?) + f^'oWo) + K*(*>) 

(5.5) 

The potential is unbounded from below, since the scalar mass m 2 is less than the 
conformal mass m 2 c . Near spacelike infinity P goes as 

P -> -^e" 2<5 °r 2 , (5.6) 

so one expects there should exist an unstable mode. The general asymptotic solution 
of ()5.5|) reads 

X = 7 =lnr + - (5.7) 

This belongs to the same class of asymptotically AdS spacetimes as the black hole 
background itself, provided that 

' ! 1 1 lna + c-iy (5.8) 



ai V 2 2 
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We find there is always precisely one negative frequency u 2 for which this condition 
is satisfied. For instance, for a black hole of radius R e = 1 in the c = theory, the 
unstable mode has frequency u 2 = —2.4. 

6 Discussion 

We have studied the thermodynamics and stability of a class of spherical hairy black 
holes, which are solutions of D = 4 gauged supergravity with modified, but AdS 
invariant boundary conditions. The thermodynamical analysis shows that in the 
canonical ensemble the usual Schwarzschild-AdS black hole is stable against 'decay' 
into a hairy black hole. The stability analysis reveals there always exists precisely one 
unstable radial fluctuation around the hairy black hole background. We find similar 
results in D = 5 supergravity. 

We should note that the instability of the supergravity hairy black hole solutions is 
not only a consequence of the modification of the standard AdS boundary conditions, 
which renders the AdS state itself (nonlinearly) unstable. Rather, it is because the 
scalar field mass m 2 is less than or equal to the conformal mass m 2 in both cases. 
Stable hairy AdS black hole exist in theories where m 2 < m 2 < m 2 BF + 1 [H] 4 . It 
would be interesting to find a supergravity example of this. 

We can argue that Schwarzschild-AdS is unlikely to be the endstate of the evolu- 
tion of a perturbed hairy black hole in the following way. Assume for a moment the 
perturbed hairy black hole does tend to Schwarzschild-AdS and that the decay of the 
scalar field near the horizon is governed by the lowest quasinormal mode. Then one 
could approximate the evolution of the scalar field <ft near the horizon as 

4> ~ <p e e- 27TlT{v - V0 \ (6.1) 

where 7 is a constant and v = t + r*. Here we used the fact that the imaginary 
part of the frequency of quasinormal modes is proportional to the temperature T of 
Schwarzschild-AdS pi]. Now consider a null geodesic with tangent vector on the 
event horizon at radius R. Since the affine parameter A is related to v as 

A ~ X e 27rT{v - vo) , (6.2) 

4 Although the conventional mass of the solutions presented in [Hj diverges, the example with 
a = 1.55 in the symmetric double well potential can be reinterpreted as an asymptotically AdS 
black hole obeying the modified boundary conditions given in 
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eq. (|6.1J1 becomes 

On the other hand, the Raychaudhuri equation reads 



(6.3) 



iif) 1 

— = --6 2 -T, u V»V». (6.4) 

Using 

T» V V»V V = 2 , 9 = — , (6.5) 

this becomes 

R = ~Y R , ( 6 - 6 ) 

where = <9\0. Since the perturbed hairy black hole must tend to Schwarzschild-AdS 
of the same total mass, we have (for large initial horizon size R e ) 

E h = 4nR 3 e (l + 0{l/R e )) = 4n(R 3 f + R f ), (6.7) 

where Rf is the radius of the final Schwarzschild-AdS configuration. This means that 
the final radius Rf cannot be a multiple of R e , but instead Rf = R e + c , where c is 
a positive constant. Hence (J6.6j) can be approximated as follows, 



Integrating yields, 



R f = R(X = ^)=R e ^ + 2(2 ^ 1} ) • (6-9) 



But this contradicts the fact that Rf = R e + cq, since for instance in the c = — 1 
theory one has e — > 0.25 for large i? e . 

This indicates that Schwarzschild-AdS is probably not the endstate of evolution 
under the instability. Instead, the perturbed black hole is likely to continue to evolve 
forever, perhaps in a manner envisioned in (221 11 a different context) where the 
horizon continues to expand. This raises the question whether or not the black hole 
singularity reaches the boundary of AdS in finite time. If so, small fluctuations would 
induce a transition between a black hole and a big crunch. The surprising evolution 
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under the instability can also be understood from the dual CFT perspective, where 
the hair turns on the triple trace operator ^Hj. This indicates that, in contrast to 
Schwarschild-AdS black holes, the hairy black holes are states concentrated on the 
unstable side of the field theory potential. The evolution of some states of this kind 
has been shown before to produce a big crunch singularity One can then hope 
to use AdS/CFT to shed light on the quantum nature of the spacelike singularities 
in these dynamical solutions. 
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